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Abstract
We provide a new formulation of nonrelativistic diffeomorphism invariance. It is generated by
localising the usual global Galilean Symmetry. The correspondence with the type of diffeomor-
phism invariant models currently in vogue in the theory of fractional quantum Hall effect has been
discussed. Our construction is shown to open up a general approach of model building in theoretical
condensed matter physics. Also, this formulation has the capacity of obtaining Newton - Cartan
geometry from the gauge procedure.
1 Introduction
Recently there has been a spate of papers in the literature [1, 2, 3, 4] which use the non relativistic
diffeomorphism invariance to analyse the motion of two dimensional trapped electrons which is directly
connected with the theory of Fractional Quantum Hall Effect (FQHE). The relevant field theories
involve some variant of the Schrodinger field theory in the framework of 3-d manifold with time
running universally. These works are done at the effective field theory level and no attempt has been
made to formulate the theories from some fundamental premises. The theories thus formulated are
also endowed with gauge symmetry that correspond to the trapping fields. Thus in these theories
gauge invariance and nonrelativistic diffeomorphism invariances are introduced separately. It would
be indeed very nice if these symmetries emerge systematically from some basic principles.
The way the Galilean symmetric model of the Schrodinger field is conventionally attributed dif-
feomorphism invariance to eventually discuss FQHE also raises some more questions. The set of
transformation of the basic fields is not only model specific but also different for different types of
diffeomorphism parameters. The basic fields obey tensor transformation rules when the diffeomor-
phism invariance is given by xi → xi + ξi with time independent ξ. When attempts are made to
include time varying diffeomorphism parameters special transformation rules of the fields are assumed
which lack motivation. In fact the authors of [1] have themselves admitted that they have found the
transformations by ‘trial and error’.
We further observe that an important requirement of such a construction would be to obtain the
global Galilean group of symmetry in the flat limit. In the usual approaches [1] it is not apparent how
the translation is distinguished from spatial rotation in this limit. Secondly, an intriguing situation
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occurs for the case of Galilean boost where to restore the Galilean symmetry in the flat limit one has
to invoke a relation between the gauge parameter and the boost parameter [1]! Obviously it is very
difficult to motivate such an interrelation.
The last issue in particular shows that it may not always be consistent to impose diffeomorphism
in the 3-d space by invoking effective field theories. One requires a systematic approach towards
diffeomorphism in the 3-d space. In this connection we note that in the nonrelativistic scenario there
is no natural concept of spacetime manifold. The geometric approach developed by Cartan [5] and
later elaborated by other stalwarts [6, 7, 8, 9, 10, 11, 12, 13] is of no direct avail in formulating
diffeomorphism in the 3-d space. This has been discussed in several recent papers [14, 15].
In this paper we present a systematic procedure to obtain nonrelativistic diffeomorphism invariance.
The method is to localize the Galilean symmetry of a nonrelativistic field theory. The starting point
is a nonrelativistic field theory invariant under global Galilean transformations with constant values
of the translation, rotation and boost parameters. We then make the Galilean transformations local.
Following the nature of Galilean spacetime the time translation parameter is assumed to be function
of time whereas the other parameters are assumed to be functions of space and time. Anticipating the
emergence of nonrelativistic diffeomorphism invariance in space we construct a set of coordinate axis at
every spatial point which are trivially connected with the global coordinate system. This connection is
subsequently shown to be non trivial. As an effect of making the parameters local the transformations
of the derivatives of the fields are now different from that under global transformation. The Galilean
invariance of the original model is thus broken. To restore the symmetry it is required to introduce
new fields whose variations would cancel this difference. These new fields enter through covariant
derivatives that replace the ordinary derivatives. The covariant derivatives are defined in two stages.
In the first stage the covariant derivatives with respect to the coordinate basis are defined. New fields
At and Ak (k=1,2,3) are introduced at this stage. Finally additional fields are introduced to define
covariant derivatives in the local basis. Additional fields θ(t),Ψk(t, r),Σa
k(t, r) appear now. The
transformation rules of the new fields are chosen so as to transform the local covariant derivatives
in the same way as the transformations of the ordinary derivatives under global transformation.
Apart from restoring Galilean invariance this localisation, subject to a further restriction, introduces
diffeomorphism in 3-d space as we shall see.
2 Localisation of Galilean symmetry
Let us consider a non relativistic model invariant under global Galilean transformations given by the
action
S =
∫
dtd3xL (φ, ∂tφ, ∂kφ) (1)
Our strategy will be to try to make the symmetry of the model (1) local. We assume that φ is a scalar
under the Galilean transformations. Apart from this simplification our model is perfectly general.
The global Galilean transformations under which (1) is invariant are given by
ξ0 = −ǫ, ξi = ǫi + Cijkωjxk − vit (2)
where ǫ, ǫi, ωi and vi are constants and Cijk are the structure constants of the rotation group. These
structure constants are antisymmetric under interchange of any pair of indices.
Localisation of (2) demands careful consideration. Nonrelativistic Newtonian gravity was formu-
lated on 4-dimensional spacetime manifold by Elie Cartan. There the gravitational structure was
defined in terms of an affine connection compatible with the temporal flow tµ and a rank-three spatial
metric hµν . Keeping this in view we localise (2) in the following way
ξ0 = −ǫ (t) , ξi = ǫi (t, r) + Cijkωj (t, r)xk − vi (t, r) t (3)
For later calculations it will be advantageous to write ξi as,
ξi = ηi (t, r)− vi (t, r) t (4)
where ηi (t, r) = ǫi (t, r) + Cijkω
j (t, r)xk.
To achieve the localisation, it will be helpful to understand the mechanism of global Galilean
invariance under (2). Under the general coordinate transformation xµ → xµ + ξµ the action (1)
changes by
∆S =
∫
dtd3x∆L (5)
with
∆L = δ0L+ ξµ∂µL+ ∂µξµL (6)
Here δ0 denotes the form variation given by
δ0ψ = ψ
′ (r, t)− ψ (r, t) (7)
and xµ ≡ t, x, y, z. For invariance we require 1
∆L = δ0L+ ξµ∂µL+ ∂µξµL = 0. (8)
For global Galilean transformation this is ensured by two conditions,
1. ∂µξ
µ = 0, which may be explicitly checked using (2). So the invariance condition (8) reduces to
∆L = δ0L+ ξµ∂µL = 0 (9)
2. The form variations of the field and its derivatives are given by
δ0φ = ǫ∂tφ− ǫk∂kφ− Cijkωjxk∂iφ+ tvk∂kφ− imvkxkφ
δ0∂kφ = ǫ∂t(∂kφ)− ηi∂i(∂kφ) +
(
vit∂i − imvixi
)
∂kφ− C lmkωm∂lφ− imvkφ
δ0∂tφ = ǫ∂t(∂tφ)− ηi∂i(∂tφ) +
(
vit∂i − imvixi
)
∂tφ+ v
k∂kφ (10)
In writing the form variation of φ we have exploited the fact that it is a complex Galilean scalar
[16, 17]. In particular this explains the appearance of the last term in the transformation δ0φ.
The variations (10) are such that the simplified condition (9) is satisfied.
1Of course invariance is preserved if L changes by a total derivative. However we only consider such theories where
∆L = 0.
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When the symmetry group is local Galilean it will be advantageous to introduce local coordinates
xa at each point of space. The corresponding local basis ea is in general related with the global basis
e
k by,
e
a = Λake
k (11)
where Λak is the vielbein. Now, in flat space time it is always possible to choose Λ
a
k = δ
a
k assuming
inertial coordinates. In that case the vectors in the local basis are orthogonal just as happens for the
global basis.
The first step in the process of localisation is to convert the ordinary derivatives into covariant
derivatives with respect to the global coordinates. To begin with, introduce the gauge fields At and
Ak such that,
Dkφ = ∂kφ+ iAkφ
Dtφ = ∂tφ+ iAtφ (12)
We retain the freedom of choosing the transformation rule of At and Ak at this stage.
As explained above the intermediate covariant derivatives (12) will now be used to define the co-
variant derivatives with respect to the local coordinates which will be required to have the appropriate
transformation property to ensure the local Galilean symmetry. Introducing additional new fields θ(t),
Ψk(t, r) and Σa
k(t, r) we define the new covariant derivatives as,
∇aφ = ΣakDkφ
∇tφ = θ(Dtφ+ΨkDkφ) (13)
The term involving Ψk might appear mysterious. However the process of gauging naturally leads
to a construction of the covariant derivative w.r.t the local time that involves both Dtφ and Dkφ type
terms. Similar features prevail when the Poincare group is gauged [18].
After a long algebra we find that these transform covariantly, provided the additional fields trans-
form as
δ0Ak = −∂kηiAi + t∂kviAi + ǫA˙k − ηi∂iAk + tvi∂iAk +mvk +m∂kvixi −mΛakva
δ0At = mv˙
ixi + ǫA˙t + ǫ˙At − ηi∂iAt + vit∂iAt − η˙iAi + v˙itAi + viAi +mΛakΨkva (14)
and
δ0θ = −θǫ˙+ ǫθ˙
δ0Ψ
k = ǫΨ˙k + ǫ˙Ψk − 1
θ
vbΣb
k + ∂
∂t
(ηk − tvk)− (ηi − vit)∂iΨk − tΨi∂ivk +Ψi∂iηk
δ0Σa
k = ǫΣ˙ka +Σa
i∂iη
k − tΣai∂ivk + CbcaωcΣbk − ηi∂iΣak + tvi∂iΣak (15)
where Λak is the inverse of Σa
k,
Σa
kΛal = δ
k
l (16)
Observe that the transformations (14, 15) are, in general, different from those given in [2]. For the
special case of ξ0 = −ǫ(t) = 0 and ξi = ǫi(r) + Cijkωj(r)xk (i.e. time independent translation and
rotation), they agree, as will be shown subsequently (around (43)). That the agreement does not hold
in general is not surprising as our transformations involve fields Ψk which are not there in [2]. Only
in the special case mentioned above Ψk may be taken to be zero in which case the agreement holds.
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It is easy to show that,
δ0Λ
a
k = ǫΛ˙
a
k − Λal∂kηl + tΛal∂kvl − CaecωeΛck − ηi∂iΛak + tvi∂iΛak (17)
We have finished the first stage of localisation of the Galilean symmetry (2). If in the Lagrangian
L (φ, ∂tφ, ∂kφ) we substitute ∂tφ, ∂kφ by ∇tφ, ∇aφ such that
L (φ, ∂tφ, ∂kφ)→ L′ (φ,∇tφ,∇kφ)
then under the local Galilean transformations the modified Lagrangian L′ satisfies
δ0L′ + ξµ∂µL′ = 0 (18)
which is the analogue of the condition for global Galilean invariance given in (9) where ∂µξ
µ = 0. This
condition (∂µξ
µ = 0) does not however hold when the Galilean transformations are localised. Thus
the modified Lagrangian L′ is still not invariant under local Galilean transformations. We require a
further modification as,
L = ΛL′ (19)
To make the action invariant under the whole local transformation we have to satisfy (8). This in
turn leads to the following requirement
δ0Λ+ ξ
µ∂µΛ + ∂µξ
µΛ = 0. (20)
It is not difficult to find a Λ, which solves the above equation. We make the following Ansatz
Λ =
M
θ
(21)
where
M = detΛak. (22)
Now we will show that this expression of Λ satisfies (20). The transformation of M can be calculated
using the well known formula of differentiation of a determinant.
δ0M = −MΛakδ0Σak (23)
The transformation rule of θ is obtained from (15) and δ0M can be calculated using δ0Σa
k from (15) in
(23). By direct substitution of δ0Λ obtained in this way and ξ
µ from (3) one can verify that equation
(20) holds. Note that, the transformation rule of Λ is already predetermined by the transformation
(15) of the new fields introduced in order to transform the covariant derivatives with respect to
global coordinate to the corresponding covariant derivative with respect to the local coordinates (see
equation (12)). Thus the satisfaction of (20) is indeed remarkable. Specifically it points to the logical
consistency of our construction.
We thus derive the rules of localising the Galilean symmetry of a nonrelativistic model. The
algorithm is as follows. Introduce local coordinates at each point of 3-d space. The local basis is
trivially connected to the coordinate basis by (11). If the original theory is given by the action
S =
∫
dtd3xL (φ, ∂tφ, ∂kφ) (24)
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invariant under the global Galilean transformation
xµ → xµ + ξµ (25)
where ξµ is defined in (2), then
S =
∫
dtd3x
M
θ
L (φ,∇tφ,∇aφ) (26)
is invariant under the corresponding local Galilean transformations (3).
Observe that till this point we have worked solely on a flat space. Since we localised the global
symmetry it was essential to introduce the local coordinates vis-a-vis the global ones. The two bases
are related by (11). This procedure is completely analogous to what is done in the localisation of the
Poincare symmetry [22].
3 Nonrelativistic diffeomorphism invariance
The importance of the construction (26) cannot be overemphasized. As we now show this construction
naturally leads to nonrelativistic 3-d diffeomorphism invariance. In order to achieve this we observe
that ξ0 = −ǫ should be vanishing. Then the local Galilean transformation is equivalent to the
transformation
xi −→ xi + ξi (r, t) (27)
where ξi is an arbitrary function of r and t. 2. From the first of the set of transformations (15) we find
that when ǫ = 0, θ = constant. Without any loss of generality we can take θ = 1. Now we introduce
the ‘metric tensor’ gij
gij = δcdΛ
c
iΛ
d
j (28)
Using the transformation relation of Λak from (17) we find
δ0gij = −ξk∂kgij − gik∂jξk − gkj∂iξk (29)
From the transformation relation (29) it appears that gij may serve as a viable definition of the metric
in nonrelativistic diffeomorphism invariant 3-dimensional curved space. This is further supported
from the observation that M =
√
g where g is the determinant of gij . This relation follows from the
definitions of M (22) and gij (28). Using these in (26) the local Galilean invariant action reduces to
S =
∫
dtd3x
√
gL (φ,∇tφ,∇aφ) (30)
It is easy to appreciate that this theory (30) is invariant under 3-d nonrelativistic diffeomorphism (27).
As a concrete example let us consider the Schrodinger field theory
S =
∫
dt
∫
d3x
[
i
2
(φ∗∂tφ− φ∂tφ∗)− 1
2m
∂kφ
∗∂kφ
]
(31)
which can be shown to be invariant under the global Galilean transformations (2) as follows.
2Note the connection between the local and the global basis (11)
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At first we have to compute the variation of L under (2) as follows,
δ0L = L′ −L
=
i
2
[(δ0φ
∗)∂tφ+ φ
∗δ0(∂tφ) +
i
m
δ0(∂kφ
∗)∂kφ] + c.c. (32)
Analyzing the individual terms in (32) we will get,
i
2
(δ0φ
∗)∂tφ =
i
2
(
ǫ∂tφ
∗ − ηi∂iφ∗ + vi (t∂iφ∗ + imxiφ∗)
)
∂tφ (33)
i
2
φ∗δ0(∂tφ) =
i
2
φ∗
(
ǫ∂t(∂tφ)− ηi∂i(∂tφ) +
(
vit∂i − imvixi
)
∂tφ+ v
i∂iφ
)
(34)
i
m
δ0(∂kφ
∗)∂kφ =
i
m
[
ǫ∂t(∂kφ
∗)− ηi∂i(∂kφ∗) +
(
vit∂i + imv
ixi
)
∂kφ
∗ + ∂kη
i∂iφ
∗ + imvkφ∗
]
∂kφ (35)
Considering only the contribution of the boost part of the global Galilean transformation, and using
(32), δ0L becomes,
δ0L = i2 [vit∂iφ∗∂tφ+ imvixiφ∗∂tφ+ φ∗vit∂i∂tφ− imvixiφ∗∂tφ+ φ∗vi∂iφ
−vit∂iφ∂tφ∗ + imxiviφ∂tφ∗ − φvit∂i∂tφ∗ − imvixiφ∂tφ∗ − φvi∂iφ∗]
− 1
2m
[(
vit∂i + imv
ixi
)
∂kφ
∗ + imvkφ
∗
]
∂kφ
− 1
2m
[(
vit∂i − imvixi
)
∂kφ− imvkφ
]
∂kφ
∗
which reduces to,
δ0L = vit∂iL (36)
We are therefore led to the following result,
△L = δ0L+ ξµ∂µL
= vit∂iL − vit∂iL
= 0 (37)
In a similar manner, it can be shown that the other parts of the global Galilean transformation also
render the action invariant. We thus conclude that the action is invariant under the global Galilean
transformation
Note that in addition to the global Galilean symmetry, the theory (31) is invariant under the global
phase transformation, δ0φ = iαφ where α is the gauge transformation parameter.
To obtain the corresponding theory of (31) invariant under the 3-d diffeomorphism (27) we follow
the prescription of (30). This leads to the action
S =
∫
dt
∫
d3x
√
g
[
i
2
(φ∗∇tφ− φ∇tφ∗)− 1
2m
∇aφ∗∇aφ
]
(38)
Now
∇aφ∗∇aφ = δab∇aφ∗∇bφ
= δabΣa
kΣb
lDkφ
∗Dlφ
= gklDkφ
∗Dlφ (39)
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where
gkl = δabΣa
kΣb
l (40)
Using (28) and (16) we observe that
gklgln = δ
k
n (41)
Hence gkl is indeed the inverse metric.
Note the dual role played by the field Σa
k. In section 2 they were introduced to define the local
covariant derivatives from the global covariant derivatives in a theory defined on flat space. Now in the
above equation they act as vielbeins connecting the tangent space and the curved 3-d space on which
the theory is now formulated. This dual aspect which is observed here has an analogy in Poincare
gauge theory as has been discussed for instance in [18] (page 61).
Using (39) in (38) we obtain the most general 3-d diffeomorphism invariant Schrodinger action as,
S =
∫
dt
∫
d3x
√
g
[
i
2
(φ∗∇tφ− φ∇tφ∗)− 1
2m
gklDkφ
∗Dlφ
]
(42)
Such theories have recently been used in theoretical condensed matter physics. Note that it is very
easy to take the flat limit of (42), one just has to replace gkl by δkl, and substitute covariant derivatives
by ordinary derivatives. This immediately reproduces (31).
As has been mentioned already in the introduction, the type of nonrelativistic diffeomorphism
invariant models as (42) are currently in vogue in condensed matter theory for the analysis of the
motion of two dimensional trapped electrons [1], specifically in connection with the study of FQHE.
To understand this connection more explicitly let us consider a special case of (27) where ξi are time
independent. From the second equation of the set(15) we find that Ψk = 0 is admissible. Substituting
these in (42) we get
S =
∫
dt
∫
d3x
√
g
[
i
2
(φ∗ (∂t + iAt)φ− φ (∂t − iAt)φ∗)− 1
2m
gkl (∂k − iAk)φ∗ (∂l + iAl)φ
]
(43)
Note that this action is exactly of the same form as diff. invariant nonrelativistic 3-d Schrodinger
theory introduced in [1, 2] as an effective field theory. In this limit we get from, (14)
δ0Ak = −∂kξiAi − ξi∂iAk
δ0At = −ξi∂iAt (44)
These transformation relations also exactly match with those given in [1]. Thus our formulation
systematically leads to the model of [1] in the static transformation limit.
The question of time varying diffeomorphism parameters demands careful considerations. Such
situations will automatically appear if we include local Galilean boost in the effective 3-d diffeomorhism
parameter ξ. The condition (15) clearly shows that when ξ is time dependent, Ψk cannot be zero. Thus
one has to consider the general form (42) as the effective 3-d diffeomorhism invariant theory if one
adopts the approach of constructing the nonrelativistic diffeomorphism invariant model by systematic
localisation of Galilean symmetry. However there could be some other approach leading to a different
nonrelativistic diffeomorphism invariant model. An example of this sort is provided by Hoyos and Son
[2] where a different model has been constructed which has diffeomorphism under spatial translation.
Moreover we have seen here that if we adopt the restriction of no time translation and further consider
only time independent transformations then our results reproduce those of [2].
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4 Conclusions
We have discussed a method of localisation of the global Galilean invariance of a general field theoretic
model. Local coordinate systems were erected at the different points of 3-d space. Though the
connections between these local bases with the global basis are trivial, the distinction has been proved
to be very useful in constructing the covariant derivatives. We have first defined covariant derivatives
with respect to the global coordinates and then transformed them to covariant derivatives with respect
to the local coordinates. New fields are introduced in the process, the transformation of which are
determined so that the local covariant derivatives transform under local Galilean transformation as the
ordinary derivatives under global Galilean transformations. The localisation of the transformations
also implies a change in the measure of integration. We have shown that the measure can be corrected
appropriately by some functions of the newly introduced fields that were involved in the transformation
of the global to local covariant derivatives. Substitution of the ordinary derivatives by the local
covariant derivatives in the original global Galilean invariant action and correcting the measure of
integration appropriately we obtain an action invariant under the local Galilean transformations.
This procedure, as one can see, follows the Utiyama method of the localising the Poincare gauge
transformation [19, 20, 21]. 3
The process of localisation of the global Galilean invariance of field theories has been shown to
provide a systematic algorithm for the construction of 3-d diffeomorphism invariant field theories which
have been used ubiquitously in the theory of Fractional quantum Hall effect(FQHE) [1, 2] in recent
times. Our approach may be contrasted with the way of introducing such models as effective field
theories. In the gauging of Galilean invariance several new fields are introduced. These new fields
along with their transformations obtained here will definitely be useful in phenomenological model
building in theoretical condensed matter physics.
The connection of our formulation with the research in condensed matter physics is however only
an important special application of the formalism developed in this letter. Comparison with the
Poincare gauge theory suggests that the process of localisation of the Galilean invariance should have
connection with the geometric Newton Cartan theory of Newtonian gravity. In fact in the special case
where time translation is ignored, our theory is already equivalent to matter coupled with external
gravitational field. The next step is to give dynamics of the new fields introduced in the localisation
procedure. One may guess that the whole procedure can be given a geometric parallel, and thus we
should be able to arrive at the Newton Cartan geometry as a fall out of the localisation. These and
similar works are currently in progress.
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